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Abstract. Motivated by global applications, we propose a theory of relative endo-
scopic data and transfer factors for the symmetric pair (U(2n), U(n) × U(n)) over a
local field. We then formulate the smooth transfer and fundamental lemma conjec-
tures, establish the existence of smooth transfer for many test functions, and prove
the fundamental lemma for the symmetric pair (U(4), U(2)× U(2)).
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1. Introduction
This paper initiates a program with the goal of stabilizing the relative trace formula
associated to certain symmetric subgroups of unitary groups. Our present aim is to
develop a local theory of relative endoscopic data and transfer factors for the symmetric
space considered. In particular, we formulate the smooth transfer and fundamental
lemma conjectures, establish the existence of smooth transfer for many test functions,
and prove the fundamental lemma for the symmetric pair (U(4), U(2) × U(2)). This is
the first example of a theory of relative endoscopy.
Let us describe the setup and motivation. Let E/F be a quadratic extension of global
fields, AE and AF the associated rings of adeles. Let W1 and W2 be two d dimensional
Hermitian spaces over E. The direct sum W1 ⊕W2 is also a Hermitian space and we
have the embedding of unitary groups
U(W1)× U(W2) →֒ U(W1 ⊕W2).
Let π be an irreducible cuspidal automorphic representation of U(W1⊕W2)AF . Roughly,
π is said to be distinguished by the subgroup U(W1)× U(W2) if the period integral∫
[U(W1)×U(W2)]
ϕ(h)dh (1)
is not equal to zero for some vector ϕ ∈ π. Here, [H] = H(F )\H(AF ) for any F -group
H. The study of distinction of automorphic representations with respect to certain
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subgroups is a large and active area of automorphic representation theory, but this
particular case has appeared in the recent literature in several distinct ways.
1.1. Global Motivation. Motivated by the study of the arithmetic of specials cycles
in unitary Shimura varieties, Wei Zhang outlined in his 2018 IAS lecture [Zha18] a
comparison of a relative trace formula on GL(W1 ⊕W2) = ResE/F U(W1 ⊕W2) with
one on U(W1 ⊕W2). On the linear group, we may consider period integrals over the
subgroups GL(W1)×GL(W2) and U(W1⊕W2); on the unitary side, one considers periods
of the form (1). Indeed, Chao Li and Wei Zhang have recently [LZ19] established the
arithmetic fundamental lemma associated to this comparison, with applications to the
global Kudla-Rapoport conjecture and arithmetic Siegel-Weil formula. This comparison
fits into the general framework for a relative theory of quadratic base change proposed in
[GW14], which in turn may be understood as a method of proving cases of the emerging
relative Langlands program.
For this comparison to be effective for global applications, several results are needed.
To begin, one needs the fundamental lemma and smooth transfer to establish the pre-
liminary comparison. This is already problematic as the unitary relative trace formula
is not stable: when we consider the action of U(W1)×U(W2) on the symmetric variety
U(W1 ⊕W2)/U(W1)× U(W2), invariant polynomials distinguish only geometric orbits.
Therefore, one must “stabilize” the orbital integrals arising in the unitary relative trace
formula in order to affect a comparison between the two formulas.
The present paper lays the local foundations for this stabilization procedure. Before
describing our results, we point out that the (U(4), U(2) × U(2)) case of these periods
recently appeared in the work of Ichino and Prasanna [IP18] in connection with special
cycles. Their approach relies on an exceptional isomorphism and does not generalize to
higher rank; we hope a stable version of the relative trace formula for these periods will
play a role in generalizing their investigations. Finally, we note that one implication of
the conjectured comparison was recently proved by Pollack, Wan, and Zydor [PWZ19]
under certain local assumptions via a different technique.
1.2. Relative endoscopy. We now let F be a local field and let E/F be a quadratic
field extension. As above, if W1 and W2 are d-dimensional Hermitian vector spaces,
then W =W1⊕W2 is a 2d-dimensional Hermitian space with a distinguished involutive
linear map: σ(w1 + w2) = w1 − w2 for wi ∈ Wi. This induces an involution on the
unitary group U(W ) with the fixed point subgroup U(W )σ = U(W1)×U(W2). Letting
u(W ) denote the Lie algebra of U(W ), then the differential of σ induces a Z/2Z-grading
u(W ) = u(W )0 ⊕ u(W )1,
where u(W )i is the (−1)
i-eigenspace of σ. Here, there is a natural identification u(W )0 =
Lie(U(W1) × U(W2)) and the fixed-point group U(W1) × U(W2) acts via restriction of
the adjoint action on u(W )1. The pair (U(W1)×U(W2), u(W )1) is called an infinitesimal
symmetric space since u(W )1 is the “Lie algebra” of the symmetric space
Qd = U(W )/(U(W1)× U(W2)).
In this paper, we develop the theory of elliptic endoscopy for the pair (U(W1)×U(W2), u(W )1),
postponing the theory for the symmetric space Qd to a later paper. We do this as the
infinitesimal theory is simpler to state and ultimately the stabilization ought to reduce
to this case. This expectation is partially motivated by the analogous reduction by
Waldspurger [Wal95] and [Wal97] in the case of the Arthur-Selberg trace formula.
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Recall that for the unitary group U(W ), an elliptic endoscopic datum is a triple
(U(Va) × U(Vb), s, η) where Vn is a fixed n dimensional split Hermitian space
1, s ∈
Û(W ) = GL2d(C) is a semi-simple element, and η : GLb(C) × GLb(C) → GL2d(C)
induces an isomorphism between GLa(C) × GLb(C) and the connected component of
the centralizer of s. Here a+ b = 2d. Motivated by the work of Sakellaridis-Venkatesh
[SV17] and Knop-Schalke [KS17] on the dual groups of spherical varieties, we consider
the dual group of the symmetric variety Qd,
Q̂d = Sp2d(C)
ϕd−→ GL2d(C) = Û(W ).
Na¨ıvely, elliptic endoscopic spherical varieties of Qd ought to correspond to spherical
varieties of endoscopic groups of U(W ) that themselves correspond to endoscopic groups
of Q̂d = Sp2d(C). In particular, for each elliptic endoscopic subgroup
Sp2a(C)× Sp2b(C) ⊂ Sp2d(C),
we might expect a diagram
Sp2d(C) GL2d(C)
Sp2a(C)× Sp2b(C) GL2a(C)×GL2b(C),
where the bottom horizontal arrow is the dual group embedding associated to the sym-
metric space Qa ×Qb of the group U(V2a)× U(V2b).
Happily, this na¨ıve hope is essentially true once we take certain pure inner forms into
account. It is, however, not clear to us how to place the above heuristic with dual groups
on a firm (and generalizable) footing. Indeed, our method of establishing the requisite
matching of regular semi-simple orbits and effective definition of transfer factors instead
reduces to the endoscopic theory of U(Vd) acting adjointly on its Lie algebra. The dual
group interpretation outlined above only becomes clear a postiori.
Recall that W =W1⊕W2 is our 2d dimensional Hermitian space and let ξ = (H, s, η)
be an elliptic endoscopic datum for U(W1), where H = U(Va)× U(Vb) with d = a+ b.
Fix representatives {α} and {β} of the isomorphism classes of Hermitian form on Va
and Vb. Then for each pair (α, β), we have the Lie algebras
u(Va ⊕ Vα) and u(Vb ⊕ Vβ), (2)
where Vα simply denotes the Hermitian space (Va, α), and similarly for Vβ. Each
equipped with a natural involution σα and σβ and the associated symmetric pairs
(U(Va)× U(Vα), u(Va ⊕ Vα)1) and (U(Vb)× U(Vβ), u(Vb ⊕ Vβ)1)
are lower rank analogues of our initial symmetric pair (U(W1)× U(W2), u(W )1).
Definition 1.1. We say the quintuple
(ξ, α, β) = (U(Va)× U(Vb), s, η, α, β)
is a relative elliptic endoscopic datum and the direct sum of the symmetric pairs (2) is
an endoscopic symmetric pair for (U(W1)× U(W2), u(W )1).
With this definition, we show how to match regular semi-simple orbits and define the
transfer of orbits with appropriate transfer factors in Section 4. The key point is that
1We say Hermitian space V is split if there exists an isotropic subspace of maximal possible dimension.
This implies that the associated unitary group is quasi-split.
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we may relate the action of U(W1) × U(W2) on u(W )1 to the adjoint action of U(W1)
on its twisted Lie algebra of Hermitian operators
Herm(W1) = {x ∈ End(W1) : 〈xu, v〉 = 〈u, xv〉}.
This is Proposition 3.2, which realizesHerm(W1) as the categorical quotient u(W )1//U(W2).
Equipped with the above definition, we define smooth transfer of smooth compactly-
supported test function as follows. Fix a regular semi-simple element x ∈ u(W )1 and
let (ξ, α, β) be a relative endoscopic datum. This datum determines a character κ we
use to define the relative κ-orbital integral
ROκ(f, x) =
∑
xi∼x
κ(inv(x, xi))Orb(f, xi),
where xi ranges over the U(W1) × U(W2)-orbits in u(W )1 in the same stable orbit
as x and the relative orbital integrals are as in Definition 5. When κ = 1, we write
SRO = ROκ and call this the relative stable orbital integral.
There is a good notion of when xmatches the pair (xa, xb) ∈ u(Va⊕Vα)1⊕u(Vb⊕Vβ)1,
and for such matching elements (xa, xb) and x, we define the relative transfer factor
∆rel((xa, xb), x)
in Section 4. We say f ∈ C∞c (u(W )1) and fα,β ∈ C
∞
c (u(Va ⊕ Vα)1 ⊕ u(Vb ⊕ Vβ)1) are
smooth transfers (or say that they match) if the following conditions are satisfied:
(1) For any matching orbits x and (xa, xb), we have an identify
SRO(fα,β, (xa, xb)) = ∆rel((xa, xb), x)RO
κ(f, x).
(2) If there does not exist x matching (xa, xb), then
SRO(fα,β, (xa, xb)) = 0.
With this definition, we state Conjecture 4.7, asserting that smooth transfers exist for
all smooth compactly-supported functions on u(W )1. As a first check for our definition,
we prove this conjecture for test functions supported in a certain open dense subset of
u(W )1 (see Proposition 4.8).
Proposition 1.2. Let f ∈ C∞c (u(W )1) and assume supp(f) is contained in the non-
singular locus u(W )iso1 (see (4) below). Let (U(Va)×U(Vb), s, η, α, β) be a relative elliptic
endoscopic datum. Then there exists
fα,β ∈ C
∞
c (u(Va ⊕ Vα)1 ⊕ u(Vb ⊕ Vβ)1)
such that f and fα,β are smooth transfers of each other.
Our proof of this proposition relies on the good behavior of the categorical quotient
u(W )1 −→ Herm(W1)
over the non-singular locus to reduce transfer to the analogous statement for the twisted
Lie algebra. The general conjecture will require other techniques.
When E/F is an unramified extension of non-archimedean local fields, we also for-
mulate the fundamental lemma for the “unit element.” More specifically, suppose that
Vd =W1 =W2 is split, and let Λd ⊂ Vd be a self-dual lattice. In this case,
u(W )1 = HomE(Vd, Vd) = End(Vd),
and the choice of self-dual lattice Λd gives a natural compact open subring End(Λd) ⊂
End(Vd). Let 1End(Λd) denote the indicator function for this subring. This also induces
an integral model U(Λd) of U(V ). Setting U(Λd) ⊂ U(V ) as the OF -points, this gives
a hyperspecial maximal compact subgroup.
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Now suppose that ξ = (U(Va) × U(Vb), s, η) is an endoscopic datum for Herm(Vd).
Under our assumptions, we have Vd ∼= Va ⊕ Vb. We fix an isomorphism by imposing
Λd = Λa ⊕ Λb for fixed self-dual lattices Λa ⊂ Va and Λb ⊂ Vb; this is determined up to
U(Λd)×U(Λd)-conjugation. Note that there are only four possible pairs (α, β), and we
set (α0, β0) to be the split pair. We equip these groups with Haar measures normalized
so that the given hyperspecial maximal subgroups have volume 1.
Conjecture 1.3. The function 1End(Λd) matches 1End(Λa)×1End(Λa) if (α, β) = (α0, β0)
and matches 0 otherwise.
In another paper in preparation, we show that this statement implies the smooth
transfer conjecture. This is analogous to the work of Waldspurger [Wal97] for the Arthur-
Selberg trace formula and Chong Zhang [Zha15] for the Guo-Jacquet relative trace
formula. In Section 5, we verify this conjecture for (U(4), U(2) × U(2)) by reducing to
a family of transfer statements on the twisted Lie algebra and explicitly computing all
orbital integrals involved.
Theorem 1.4. For the endoscopic space End(V1)⊕End(V1) of End(V2), Conjecture 1.3
holds.
The outline of the paper is as follows. In Section 2, we recall the necessary notions
and details from the theory of endoscopy, focusing on the case of the unitary Lie algebra.
In Section 3, we define the symmetric space under consideration and define the orbital
integral to be studied. In Section 4, we define our proposal for a theory of relative
endoscopy data in this setting and state the associated transfer and fundamental lemma
conjectures. We prove the existence of transfer for many functions in Proposition 4.8. In
Section 5, we end by proving this fundamental lemma for the case of (U(4), U(2)×U(2))
by an explicit computation.
1.3. Acknowledgements. We wish to thank Wei Zhang for sharing personal com-
putations relating to the stable comparison outlined in [Zha18] (in particular, for the
computation in Proposition 5.2) which led us to the conjectured notion of endoscopic
spaces and for general advice and encouragement. We also thank Jayce Getz for suggest-
ing we consider the notion of relative endoscopy, as well as for many useful conversations
and invaluable advice.
1.4. Notation. Throughout we assume that E/F is a quadratic extension of local fields.
When non-archimedean, we assume F has either odd or zero characteristic. Let O ⊂ F
denote the ring of integers and let OE ⊂ E be its integral closure in E. We denote by
val : E× → Z the unique extension of the normalized valuation on F . Thus, if ̟ is a
uniformizer of F , then val(̟) = 1. We fix an algebraic closure F and a separable closure
F sep of F and let Γ = Gal(F sep/F ) denote the Galois group. Denote by η = ηE/F :
F× → C× the quadratic character associated to the extension E/F via local class field
theory. Let Nm = NmE/F denote the norm map and set U(1) = ker(Nm).
We will only need to consider smooth affine algebraic varieties over F . We use boldface
notation for an algebraic variety Y and use Roman font Y = Y(F ) for its F -points.
This space is naturally endowed with a locally compact topology. When F is non-
archimedean, this topology makes Y an l-space (see [BZ76]), and we will consider the
Schwartz space C∞c (Y ) of locally-constant, compactly-supported C-valued functions.
When (W, 〈·, ·〉) is a Hermitian space over E, we denote by U(W ) := U(W, 〈·, ·〉) the
associated unitary group. We set Vd to be a fixed split Hermitian space of dimension
d, so that U(Vd) is a fixed quasi-split unitary group of rank d; for concreteness, we
select the form 〈·, ·〉0 that may represented by the anti-diagonal matrix J = (Jij) with
Jij = (−1)
i−1δi,d+1−j . We also fix representatives {τ} of the isomorphism classes of
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Hermitian form on the underlying vector space Vd, and denote by Vτ the associated
pure inner form with U(Vτ ) the unitary group.
Any unitary group U(W ) acts on its Lie algebra u(W ) as well as its twisted Lie algebra
Herm(W ) = {x ∈ End(W ) : 〈xu, v〉 = 〈u, xv〉}
by the adjoint action. For any δ ∈ Herm(W ), we denote by Tδ ⊂ U(W ) the centralizer.
2. Endoscopy
.
In this section, we recall the necessary facts from the theory of endoscopy for unitary
Lie algebras. We refer to [Xia18] for a good review of the endoscopic theory for Lie
algebras, with an emphasis on unitary Lie algebras. LetW be a d dimensional Hermitian
space over E. As previously noted, we will work with the twisted Lie algebra
Herm(W ) = {x ∈ End(W ) : 〈xu, v〉 = 〈u, xv〉}.
The theory of rational canonical forms implies that there is a decomposition F [δ] :=
F [X]/(char(δ)) =
∏m
i=1 Fi, where Fi/F is a field extension. Setting Ei = E ⊗ Fi, we
have
E[δ] =
∏
i
Ei =
∏
i∈S1
Ei ×
∏
i∈S2
Fi ⊕ Fi,
where S1 = {i : Fi + E}.
Lemma 2.1. The centralizer Tδ of δ in U(W ) sits in a short exact sequence
1 −→ Z(U(W )) ∼= U(1) −→ Tδ −→ E[δ]
×/F [δ]× −→ 1.
Moreover, H1(F, Tδ) =
∏
S1
Z/2Z, and
D(Tδ/F ) = ker
(
H1(F, Tδ)→ H
1(F,U(W ))
)
= ker
∏
S1
Z/2Z→ Z/2Z
 .
The set of conjugacy classes that are stably conjugate to δ, Ost(δ), is naturally a
D(Tδ/F )-torsor (see [Rog90, Chapt. 3.2], for example).
Definition 2.2. We define the invariant of two classes in Ost(δ) by
inv(δ1, δ2) = ρ(δ1)ρ(δ2)
−1 ∈ D(Tδ/F ).
2.1. Endoscopy for unitary Lie algebras. The elliptic endoscopic groups of U(W )
are of the form H = U(Va)× U(Vb) where a+ b = d, the embedding η : Hˆ →֒ ˆU(W ) is
given by the natural inclusion GLa(C)×GLb(C) →֒ GLd(C), and s = diag(1, . . . , 1,−1, . . .−
1) with exactly a 1’s and b −1’s.
For our purposes, we need only recall the specifics of the transfer factors [LN08]. We
describe these factors in two cases:
Case 1: W ∼= Va ⊕ Vb
Assume that δ ∈ Herm(W ) and (δa, δb) ∈ Herm(Va) ⊕ Herm(Vb). Upon fixing an
isomorphism W ∼= Va ⊕ Vb, we obtain an embedding
Herm(Va)⊕Herm(Vb) ⊂ Herm(W ),
well defined up to conjugation by U(W ). For any (δa, δb) ∈ Herm(Va)⊕Herm(Vb), let
δ be its image under this embedding. As (δa, δb) range over a given stable conjugacy
class, so does δ. Moreover, (δa, δb) and δ match in that their characteristic polynomials
agree.
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Definition 2.3. We say that the elements δ and (δa, δb) above are nice matching ele-
ments if they arise in this manner.
For such nice matching elements, we define the relative discriminant
D(δ) =
∏
xa,xb
(xa − xb),
where xa (resp. xb) ranges over the eigenvalues of δa (resp. δb) in F . The transfer factor
is then given by
∆((δa, δb), δ) := ηE/F (D(δ))|D(δ)|F , (3)
where ηE/F is the quadratic character associated to E/F .
Case 2: W 6∼= Va ⊕ Vb
Let δ ∈ Herm(W ) and (δa, δb) ∈ Herm(Va) ⊕ Herm(Vb) be matching elements and
choose δ′ ∈ Herm(Va ⊕ Vb) such that δ
′ and (δa, δb) are nice matching elements. If we
identify the underlying vector spaces W ∼= Va⊕Vb (but note the Hermitian forms), then
Herm(W ),Herm(Va ⊕ Vb) ⊂ gl(W )
and δ and δ′ are GL(W )-conjugate to one another. This corresponds to Jacquet-
Langlands transfers between pure inner forms. Set
∆((δa, , δb), δ) = κ(inv(δ, δ
′))ηE/F (D(δ))|D(δ)|F ,
where κ : H1(F, Tδ)→ C× is the endoscopic character arising from the datum (U(Va)×
U(Vb), s, η) and inv is the invariant map.
3. The Lie algebra of the symmetric space
Let E/F be a quadratic extension of local fields of odd residue characteristic. Let
(W1, 〈·, ·〉1), (W2, 〈·, ·〉2) be two Hermitian spaces of dimension d over E. Let u(W )
denote the Lie algebra of U(W ), where W = W1 ⊕W2 is a 2d dimensional Hermitian
space. The differential of the involution σ acts on u(W ) by the same action and induces
a Z/2Z-grading
u(W ) = u(W )0 ⊕ u(W )1,
where u(W )i is the (−1)
i-eigenspace of the map σ.
Lemma 3.1. We have natural identifications
u(W )0 = u(W1)⊕ u(W2), and u(W )1 = HomE(W2,W1).
Here U(W1)× U(W2) acts on u(W )1 by the restriction of the adjoint action. In terms
of W1 and W2, the action is given by (g, h) · ϕ = g ◦ ϕ ◦ h
−1.
Proof. If σ : W → W denotes the linear involution, the involution induced on u(W ) is
x 7→ σ ◦ x ◦ σ. It is a simple exercise in the definitions that any element x ∈ u(W ) may
be uniquely expressed as
x =
(
x11 x12
x∗12 x22
)
,
where xii ∈ u(Vi), x12 ∈ Hom(W2,W1) and if 〈·, ·〉i denotes the Hermitian pairing on Vi,
then x∗12 ∈ Hom(W1,W2) is the unique linear map satisfying
〈x12v,w〉1 = 〈v, x
∗
12w〉2
for all v ∈W2 and w ∈W1. It follows that
σ(x) =
(
x11 −x12
−x∗12 x22
)
,
and the lemma follows. 
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In particular, any element x ∈ u(W )1 may be uniquely written
x = δ(X) =
(
X
−X∗
)
,
where X ∈ HomE(W2,W1). For any such x, we denote by Hx ⊂ U(W1) × U(W2) the
stabilizer of x.
Set u(W )rss1 to be the regular semi-simple locus with respect to this action of U(W1)×
U(W2) on u(W )1. That is, X ∈ u(W )
rss
1 if and only if its orbit under U(W1) × U(W2)
is closed and of maximal dimension. In this case, we have u(W )rss1 := u(W )1 ∩ u(W )
rss,
where u(W )rss is the classical regular semi-simple locus. This is due to the fact that
the symmetric pair (U(W ), U(W1)× U(W2) is quasi-split, which is equivalent with the
intersection u(W )1 ∩ u(W )
rss containing at least one point. See [Les19, Sec. 2] for more
details on quasi-split symmetric spaces.
Let
u(W )iso1
∼= IsoE(W2,W1) (4)
be the open subvariety of elements δ(X) where X : W2 → W1 is a linear isomorphism.
We refer to u(W )iso1 as the non-singular locus. There are natural contraction maps
ri : u(W )1 →Herm(Vi) given by
ri(δ(X)) =
{
−XX∗ : i = 1
−X∗X : i = 2.
Define the map π : u(W )1 → An given by π(x) = (a1(x), . . . , an(x)), where
ai(x) = the coefficient of t
i−1 in det(tI − r1(x)).
Proposition 3.2. Set r := r1. Then r : u(W )1 →Herm(W1) is equivariant with respect
to the U(W1) action on u(W )1 and the adjoint action on Herm(W1). Moreover, the pair
(Herm(W1), r) is a categorical quotient for the U(W2)-action on u(W )1.
Proof. The equivariance statement is obvious. As the categorical quotient assertion is
geometric, we may assume without loss that F = F . The action we consider is following
action of GLd(F )×GLd(F ) on Matd(F )×Matd(F ):
(g, h) · (X,Y ) = (gXh−1, hY g−1).
The map r becomes the product map
Matd(F )×Matd(F )→Matd(F )
(X,Y ) 7→ XY.
We make use of Igusa’s criterion [Zha14, Section 3]: let a reductive group H act on an
irreducible affine variety X. Let Q be a normal irreducible variety, and let π : X → Q
be a morphism that is constant on H orbits such that
(1) Q− π(X) has codimension at least two,
(2) there exists a nonempty open subset Q′ ⊂ Q such that the fiber π−1(q) of q ∈ Q′
contains exactly one orbit.
Then (Q,π) is a categorical quotient of (H,X). Note that it is clear that r is surjective
as X → (X, Id) provides a section, so that the first criterion is satisfied. For the second
criterion, we note that the open set Q′ = GLd(F ) works. 
Note that a similar argument gives the following lemma for the quotient by both
unitary actions.
Lemma 3.3. The pair (Ad, π) is a categorical quotient for the U(W1)× U(W2) action
on u(W )1.
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Proof. As in the proof of the previous lemma, we may pass to the algebraic closure, at
which point it is evident that the map π is surjective. The uniqueness of orbits over
a non-empty subset follows from the associated statement in Proposition 3.2 and the
theory of rational canonical forms. 
Lemma 3.4. There is an inclusion u(W )rss1 ⊂ u(W )
iso
1 .
Proof. We again pass to the algebraic closure F = F and assume that u(W ) ∼= gl2d(F ).
Just as before, we now consider the action of GLd(F )×GLd(F ) on Matd(F )×Matd(F )
by (g, h) · (X,Y ) = (gXh−1, hY g−1). As before, we are now considering the action
(g, h) · (X,Y ) = (gXh−1, hY g−1).
of GLd(F )×GLd(F ) onMatd(F )×Matd(F ). The invariant of this action is π(X,Y )(t) =
det(tI −XY ) as in Lemma 3.3.
Recalling that the infinitesimal symmetric space Matd(F ) ×Matd(F ) is quasi-split,
the element (X,Y ) is regular semi-simple in Matd(F )×Matd(F ) = gl2d(F )1 if and only
if the element
Z =
(
X
Y
)
∈ gl2d(F )
is regular semi-simple. Letting χZ(t) = det(tI−Z) denote the characteristic polynomial,
Z is regular semi-simple if and only if χZ has distinct roots. Now a simple exercise in
linear algebra shows that
χZ(t) = π(X,Y )(t
2).
Thus, γ ∈ gl2d(F )
rss is possible only if 0 is not a root of π(X,Y ), implying the lemma.

3.1. Relative orbital integrals. We now introduce the primary objects of interest:
the relative orbital integrals for the symmetric pair (U(W1)× U(W2), u(W )1). For any
x ∈ u(W )1, we set
Hx = {(h, g) ∈ U(W1)× U(W2) : h
−1xg = x}.
Definition 3.5. For f ∈ C∞c (u(W )1), and x ∈ u(W )1 a relatively semi-simple element,
we define the relative orbital integral of f by
RO(f, x) =
x
Hx\U(W1)×U(W2)
f(h−11 xh2)
dh1dh2
dtx
, (5)
where dhi and dtx are Haar measures on U(Vi) and Hx, respectively. As always, the
value of RO(f, x) depends on the choice of these measures.
We note that since the orbit of x is closed, the integral is absolutely convergent. Let
Herm(W1)
iso = Herm(W1) ∩ GL(W1) be the open subset of non-singular Hermitian
forms.
Lemma 3.6. The restriction r : u(W )iso1 →Herm(W1)
iso is a U(W2)-torsor. Moreover,
for x ∈ u(W )iso1 , we have an isomorphism
Hx
∼
−→ Tr(x)
given by (h1, h2) 7→ h1.
Proof. For the first claim, we saw in the proof of Proposition 3.2 that the claim holds
over the algebraic closure of F , which suffices to prove the first claim. For the second
claim, we construct an inverse. Let h ∈ Tr(x). Then hx also lies in the fiber over r(x). By
the torsor property, there exists a unique h′ ∈ U(W2) such that hx = xh
′. The inverse
isomorphism is thus h 7→ (h, h′) so defined. It is clear that this gives a section. 
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Notation 3.7. We will always use lower-case Roman letters x, y to denote vectors in
the infinitesimal symmetric space u(W )1 and the like, and will use lower-case Greek
letters δ, γ to denote vectors in the Hermitian quotient Herm(W1), etc.
3.2. The contraction map. As previously stated, the contraction map r : u(W )1 →
Herm(W1) to the non-singular locus of r : u(W )
iso
1 → Herm(W1)
iso is a U(W2)-torsor.
Proposition A.1 implies that
Herm(W1)
iso =
⊔
[α]∈H1(F,U(W2))
u(W )iso1 /U(Vα),
where the subscript α indicates the appropriate pure inner twist. Proposition A.2 thus
tells us that
(r/U(W2))! :
⊔
[α]∈H1(F,U(W2))
C∞c (u(W )
iso
1 )→ C
∞
c (Herm(W1)
iso)
is a surjection.
We may extend this to a map on all of C∞c (u(W )1), obtaining a map [Zha14, Lemma
3.12]
r! : C
∞
c (u(W )1)→ C
∞
ac (Herm(W1)
iso),
along with all its twists. Here the subscript ac denotes almost-compactly-supported
functions. These are smooth functions f : Herm(W1)
iso → C such that
(1) supp(f) is relatively compact in Herm(W1), and
(2) for each n ∈ Z, the intersection
supp(f) ∩Herm(W1)val(det)=n
is compact, where det : Herm(W1) → C is the determinant polynomial on
Herm(W1).
Lemma 3.8. For f ∈ C∞c (u(W )1) and for x ∈ u(W )1 regular semi-simple, we have
RO(x, f) = Orb(r(x), r!(f)).
Proof. If x is a regular semi-simple element, then everything is absolutely convergent.
In particular, rearranging the integrals and applying Lemmas 3.4 and 3.6 implies that
RO(x, f) =
∫
Tr(x)\U(W1)
r!(f)(g
−1r(x)g)dg.

4. Relative endoscopy for (U(W ), U(W1)× U(W2))
The results of the previous subsection imply that the action of U(W1) × U(W2) on
u(W )1 is unstable in the same sense as the adjoint action. In this section, we define
endoscopic symmetric spaces for this action and state the conjectural transfer and the
fundamental lemma in this context. We establish the existence of smooth transfer for
functions supported in u(W )iso.
For x ∈ u(W )1 regular semi-simple, the stabilizer Hx ⊂ U(V ) × U(V ) is a torus. .
Denote r(x) = δ ∈ Herm(W1). Then δ is regular semi-simple for the adjoint action of
U(W1) on Herm(W1).
Lemma 4.1. Let φ : Hx
∼
−→ Tδ be the map from Lemma 3.6. Then φ induces an
isomorphism between
D(Hx/F )
∼
−→ D(Tδ/F )
where
D(Hx/F ) = ker
(
H1(F,Hx)→ H
1(F,U(W1)× U(W2))
)
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and
D(Tδ/F ) = ker
(
H1(F, Tδ)→ H
1(F,U(W1))
)
.
Proof. Consider the diagram
H1(F,Hx) H
1(F,U(W1))×H
1(F,U(W2))
H1(F, Tδ) H
1(F,U(W1)).
ιx
φ p1
ιδ
If α ∈ D(Hx/F ), then ιδφ(α) = p1(ιx(α)) = 1. Now if β = φ(α) ∈ D(Tδ/F ), then
ιx(α) ∈ ker(p1) = {1} × H
1(F,U(W2)), and so α may be represented by a cocycle
valued in Hx ∩ {1} × U(W2), which is trivial by Lemma 3.4 as x is non-singular. Thus,
α = 1. 
Let ξ = (H, s, η) be an elliptic endoscopic datum for U(W1), whereH = U(Va)×U(Vb)
with d = a+ b. This corresponds to the endoscopic Lie algebra Herm(Va)⊕Herm(Vb).
Fix representatives {α} and {β} of the isomorphism classes of Hermitian form on Va
and Vb. Then for each pair (α, β), we have the Lie algebras
u(Va ⊕ Vα) and u(Vb ⊕ Vβ),
where Vα simply denotes the Hermitian space (Va, α), and similarly for Vβ. Each
equipped with a natural involution σα and σβ and the associated symmetric pairs
(U(Va)× U(Vα), u(Va ⊕ Vα)1) and (U(Vb)× U(Vβ), u(Vb ⊕ Vβ)1)
are lower rank analogues of our initial symmetric pair (U(W1)× U(W2), u(W )1).
Definition 4.2. We say the quintuple
(ξ, α, β) = (U(Va)× U(Vb), s, η, α, β)
is a relative elliptic endoscopic datum and the direct sum of these symmetric pairs is an
endoscopic symmetric pair for (U(W1)× U(W2), u(W )1).
We have the contraction maps
rα,β : u(Va ⊕ Vα)1 ⊕ u(Vb ⊕ Vβ)1 →Herm(Va)⊕Herm(Vb).
For example, ifW1 ∼= Va⊕Vb as Hermitian spaces, then there is an embeddingHerm(Va)⊕
Herm(Vb) →֒ Herm(W1) that is unique up to stable conjugacy. In this case, we have
the diagram
u(W )1 u(Va ⊕ Vα)1 ⊕ u(Vb ⊕ Vβ)1
Herm(W1) Herm(Va)⊕Herm(Vb).
r rα,β
Remark 4.3. We note that for any pair (α, β), Lemma 3.1 implies that the spaces
u(Va ⊕ Vα)1 ⊕ u(Vb ⊕ Vβ)1 ∼= HomE(Vα, Va)⊕HomE(Vβ , Vb) = EndE(Va)⊕ EndE(Vb)
are all canonically isomorphic since all we are doing is changing the Hermitian forms on
the underlying vector spaces Va and Vb.
We say that x ∈ u(W )rss1 matches the pair (xa, xb) ∈ [u(Va ⊕ Vα)1 ⊕ u(Vb ⊕ Vβ)1]
rss
if r(x) ∈ Herm(W1) and r
ξ(xa, xb) ∈ Herm(Va) ⊕ Herm(Vb) match in the endoscopic
sense.
For matching elements (xa, xb) and x, we define the transfer factor
∆rel((xa, xb), x) := ∆(r
ξ(xa, xb), r(x)), (6)
where the right-hand side is the definition given in Section 2.
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Lemma 4.4. As (xa, xb) varies over a stable (U(Va)×U(Vα))× (U(Vb)×U(Vβ))-orbit
in u(Va ⊕ Vα)1 ⊕ u(Vb ⊕ Vβ)1, the element x varies over a stable U(W1)×U(W2)-orbits
in u(W )1.
Proof. This follows from the corresponding case for unitary Lie algebras and the fact
that the regular stabilizers in the quotients R : u(W )1 →Herm(W1) are trivial. 
4.1. Smooth transfer. Fix x ∈ u(W )rss1 and let (ξ, α, β) be a relative endoscopic
datum. The endoscopic triple ξ = (H, s, η) of U(W1) determines a character κ :
H1(F,Hx)→ C× via the endoscopic construction and Lemma 3.6. With this character,
we define the associated relative κ-orbital integral to be
ROκ(f, x) =
∑
xi∼x
κ(inv(x, xi))Orb(f, xi),
where xi ranges over the orbits in u(W )1 stably conjugate to x and inv(x, xi) = inv(r(x), r(xi)).
Notation 4.5. For the remainder of this section only, we adopt the following
notation: set g = u(W ) and for a relative endoscopic datum (ξ, α, β) we set hα,β =
u(Va ⊕ Vα)⊕ u(Vb ⊕ Vβ).
Definition 4.6. Let f ∈ C∞c (g1) and let fα,β ∈ C
∞
c (h
α,β
1 ). We say that f and fα,β
match if the following conditions are satisfied:
(1) For any matching orbits x ∈ grss1 and (xa, xb) ∈ h
α,β
1 , we have an identify
SRO(fα,β, (xa, xb)) = ∆rel((xa, xb), x)RO
κ(f, x). (7)
(2) If there does not exist x ∈ grss1 matching (xa, xb) ∈ h
α,β
1 , then
SRO(fα,β, (xa, xb)) = 0. (8)
Conjecture 4.7. For any relative endoscopic datum (ξ, α, β) and any f ∈ C∞c (g1),
there exists fα,β ∈ C
∞
c (h
α,β
1 ). such that f and fα,β match.
For test functions with non-singular support, we may readily deduce the existence of
transfer from the Langlands-Shelstad-Kottwitz case.
Proposition 4.8. Let f ∈ C∞c (g1) and assume supp(f) ⊂ g
rss
1 . Then there exists
fα,β ∈ C
∞
c (h
α,β
1 ) such that f and fα,β match.
Proof. Combining Lemmas 3.4 and 3.6, the contraction map r : g1 → Herm(W1) is a
U(W2)-torsor over the regular semi-simple locus. In particular, it is a submersion onto
its image. This implies that r!(f) ∈ C
∞
c (Herm(W1)
iso). Setting δ = r(x), we now apply
the endoscopic transfer theorem for unitary Lie algebras ([LN08] and [Wal97]) to find a
smooth compactly-supported function fa,b : Herm(Va) ⊕ Herm(Vb) → C such that for
(δa, δb) ∈ Herm(a)⊕Herm(b) matching δ,
SO((δa, δb), fa,b) = ∆((δa, δb), δ)Orb
κ(δ, r!(f)). (9)
Moreover, if (δa, δb) do not match any δ ∈ Herm(W1)
iso, then the left-hand side vanishes.
This is true for δ ∈ Herm(W1)
rss by the definition of matching, while the restriction to
Herm(W1)
iso follows from the vanishing of r!(f).
By construction, the right-hand sides of (8) and (9) agree for all regular semi-simple
x ∈ g1. Since the open subset
(Herm(Va)⊕Herm(Vb))
reg ⊂ (Herm(Va)⊕Herm(Vb))
rss
is determined by the non-vanishing of the determinant, it follows that δ ∈ Herm(W1)
iso
if and only if (δa, δb) ∈ (Herm(Va) ⊕ Herm(Vb))
reg. In particular, we lose nothing
by assuming that supp(fa,b) ⊂ (Herm(Va) ⊕ Herm(Vb))
reg as we can multiply by an
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appropriate characteristic function and obtain identical orbital integrals. We decompose
(Herm(Va)⊕Herm(Vb))
reg as⊔
[ǫ,ν]∈H1(F,U(Va))×H1(F,U(Vb))
(EndE(Va)⊕ EndE(Vb))
rss/U(Vǫ)× U(Vν).
Another application of Proposition A.2 implies that there exist functions
fǫ,ν ∈ C
∞
c ((EndE(Va)⊕ EndE(Vb))
rss)
such that
fa,b =
∑
ǫ,ν
(rǫ,ν)!(fǫ,ν).
In this way, for rα,β(xa, xb) = (δa, δb) we find that
SRO((xa, xb), fα,β) = SO((δa, δb), fa,b)
Combining this identity with (9) proves the proposition. 
The main obstruction to proving Conjecture 4.7 is that while r!(f) is always of rela-
tively compact support, in general it is only almost-compactly supported.
4.2. The endoscopic fundamental lemma. We now assume that E/F is an unram-
ified extension of non-archimedean local fields. Suppose that Vd = W1 = W2 is split,
and let Λd ⊂ Vd be a self-dual lattice. In this case,
u(W )1 = HomE(Vd, Vd) = End(Vd),
and the choice of self-dual lattice Λd gives a natural compact open subring End(Λd) ⊂
End(Vd). Let 1End(Λd) denote the indicator function for this subring. This also induces
an integral model U(Λd) of U(V ). Setting U(Λd) ⊂ U(V ) as the OF -points, this gives
a hyperspecial maximal compact subgroup.
Now suppose that ξ = (U(Va) × U(Vb), s, η) is an endoscopic datum for Herm(Vd).
Under our assumptions, we have Vd ∼= Va ⊕ Vb. We fix an isomorphism by imposing
Λd = Λa ⊕ Λb for fixed self-dual lattices Λa ⊂ Va and Λb ⊂ Vb; this is determined up to
U(Λd)×U(Λd)-conjugation. Note that there are only four possible pairs (α, β), and we
set (α0, β0) to be the split pair. We equip these groups with Haar measures normalized
so that the given hyperspecial maximal subgroups have volume 1.
Conjecture 4.9. (Relative fundamental lemma) If (α, β) = (α0, β0), the functions
1End(Λd) and 1End(Λa) × 1End(Λa) are smooth transfers. Otherwise, 1End(Λd) matches
0.
We show below that this conjecture holds in the case of (U(V4), U(W2) × U(W2)).
The proof for the general case is the subject of current research.
5. The relative fundamental lemma for (U(V4), U(V2)× U(V2))
We continue assume that E/F is an unramified extension of non-archimedean local
fields. Let U(V4) be the quasi-split unitary group of rank 4 and (U(V2)×U(V2),End(V2))
the associated symmetric space. In this case, the only non-trivial endoscopic space to
consider is End(V1)⊕ End(V1) ∼= E ⊕ E with the action of [U(V1)× U(V1)] × [U(V1)×
U(V1)]. Even in this low rank case, the relative endoscopic fundamental lemma is not a
consequence of the standard endoscopic fundamental lemma.
Theorem 5.1. For the endoscopic space End(V1)⊕End(V1) of End(V2), Conjecture 4.9
holds.
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Our proof is computational. Let Λ be our rank 2 self-dual lattice, and let 1End(Λ) be
the associated indicator function. The idea is to compute the push forward
r!(1End(Λ))(XX
∗) =
∫
U(V2)
1End(Λ)(Xh)dh.
Once we have done this, we compute the associated integrals on the twisted Lie alge-
bra and verify the κ-orbital integrals agree with the stable relative orbital integrals on
the endoscopic side. The proof will be completed by combining Proposition 5.6 and
Proposition 5.8 below.
5.1. Computing the pushforward. For the sake of computation, we fix an element
ζ such that E = F (ζ) where ζ ∈ O×E and ζ = −ζ. Here the overline indicates the
non-trivial Galois element. We also fix the split Hermitian form
J =
(
ζ
−ζ
)
.
The contraction morphism
r : End(V2) −→ Herm(V2)
is given by X 7→ XX∗, where X∗ = JX
T
J−1.
Set Φ := r!1End(Λ). Then Φ is supported on the subset of Herm(V2) with val(det)) ≥
0. Note that the group GL(V2) acts on Herm(V2) via the twisted action
g · δ = gδg∗.
and that for any g ∈ GL(Λ) ⊂ GL(V2),
Φ(gr(x)g∗) =
∫
U(V2)
1End(Λ)(gxh)dh
∫
U(V2)
= 1End(Λ)(gxh)dh = Φ(r(x)).
Thus, Φ is constant on GL(Λ)-orbits of Herm(V2). By [Jac62], we may choose the forms
̟(i,j) = ζ
(
̟i
̟j
)
as representatives of these orbits.
Proposition 5.2. Let Φn be the restriction of Φ to Hermval(det)=n. Then Φn = 0 if n
is odd or n < 0. If n ≥ 0 is even, we compute that
Φn =
n/2∑
k=0
 k∑
j=0
qj
1GL(Λ)̟(k,n−k) = n/2∑
k=0
qk1̟k End(Λ)val(det)=n−2k ,
where we have identified Herm(V2) ⊂ End(V2) to interpret the indicator functions ap-
pearing in the right-most expression.
Remark 5.3. It is evident that Φ is an almost-compactly supported as a function on
Herm(V2)
reg. Moreover, the determinant δ 7→ |det(δ)| controls the singularities of
the map r: the normalized pushforward Φnorm(X) := |det(X)|
1/2Φ(X) is bounded.
However, there exists no continuous extension of Φnorm over the determinant locus.
Proof. As noted above, if M ∈ Im(r), then val(det(M)) is even. This implies that
Φn = 0 when n is odd, so we assume now that n is even. Also, Φn = 0 for n < 0.
Finally, the equality of the two expressions for Φn is a simple exercise. We thus show
the left-most expression.
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We need only to compute Φ(̟(i,j)). To this end, we choose a section of the invariant
map r over ̟(i,j):
X(i,j) =
(
1 ̟
iζ
2
̟l −̟
i+lζ
2
)
,
where n = 2i+2l. Then r(X(i,j)) = X(i,j)X
∗
(i,j) = ̟
(i,n−i). Since our goal is to compute
Φ(̟(i,j)), and Φ(̟(i,j)) = Φ(̟(j,i)), we are free to assume that i ≤ j.
We have the maximal compact subgroup U(Λ) ⊂ U(V2). Our choice of Hermitian
form implies that the group
B =
{(
t
t
−1
)(
1 x
1
)
: t ∈ E×, x ∈ F
}
is the F -points of a Borel subgroup of U(V2). The Iwasawa decomposition implies that
Φ(̟(i,n−i)) =
∫
U(V2)
1End(Λ)(X(i,j)h)dh
=
∑
b∈B/(B∩U(Λ))
1End(Λ)(X(i,j)b).
Now the product is of the form(
1 ̟
iζ
2
̟l −̟
i+lζ
2
)(
1 u
1
)(
t
t−1
)
=
(
t 2u+̟
iζ
2t
t̟l ̟l 2u−̟
iζ
2t
)
.
Therefore, we need val(t) ≥ 0, and
val(2u+̟iζ) ≥ val(t), and val(2u−̟iζ) ≥ val(t).
A set of representatives of the quotient B/B ∩K is given by(
1 u
1
)(
̟k
̟−k
)
,
with k ∈ Z≥0 and u ∈ F/̟2kOF . Since u ∈ F and b = ̟iζ ∈ Fζ, we have val(u+ b) =
val(u− b) = min{val(u), val(b)}. In particular, i ≥ k, so that i ≥ 0.
For each 0 ≤ k ≤ i, where val(t) = k, we are free to pick any coset with u ∈
̟kO/̟2kO so that 2k − 1 ≥ val(u) ≥ k so that there are qk options for u, where
q = #(O/̟). Therefore,
Φ(̟(i,n−i)) =
i∑
k=0
qk. 
5.2. Regular semi-simple elements and stable conjugacy. Lemma 2.1 tells us
that the only relatively regular semi-simple elements x ∈ End(V2) we need to consider
are those such that Hx ∼= U(1) × U(1), since rational and stable conjugacy agree for
the other regular semi-simple conjugacy classes. Hereafter, we use the notation ∼st to
denote stable conjugacy.
Lemma 5.4. Let δ ∈ Herm(V2) be an elliptic element with stabilizer of the form U(1)×
U(1). Then there are values a ∈ F and µ, λ ∈ F× with µλ ∈ Nm(E×) \ (F×)2 such that
δ ∼st
(
a λζ
µζ a
)
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Proof. Note that if the centralizer of δ in U(W2) is U(1)×U(1), then the centralizer of
δ in GL2(E) is isomorphic to E
× ×E×. This is equivalent to the eigenvalues of δ being
distinct and lying in F . To see this, the centralizer splitting over E implies that the
eigenvalues t1 and t2 are contained in E. Since Y ∈ Herm(W2),
t1 + t2, t1t2 ∈ F,
and moreover, Γ = Gal(E/F ) acts on the set {t1, t2}. If this action is non-trivial, then
t1 = t2, so that
δ ∼st
(
t1
t1
)
∈ Herm(W2),
contradicting our assumption on Tδ. Thus, the Γ-action is trivial and t1 6= t2 ∈ F . Thus,
there exists a, b ∈ F such that
δ ∼st
(
a+ b
a− b
)
/∈ Herm(W2).
Then taking a as above, µ = 1 and λ = (b/ζ)2, the lemma is proved.

Noting that Nm(E×) ⊂ F× is an index two subgroup, either both µ and λ are in
Nm(E×) or not. We claim we may distinguish the two rational orbits in the stable orbit
of δ by the invariant η(µ) = ±1, when η = ηE/F is the quadratic character associated to
F× by local class field theory. Indeed, suppose that γ0 and γ1 are stably conjugate but
not rationally conjugate. The previous lemma implies that, up to rational conjugation,
we may assume
γ0 =
(
a λ0ξ
µ0ξ a
)
and γ1 =
(
a λ1ξ
µ1ξ a
)
,
where µ1λ1 = µ0λ0.
If η(µ0) = 1, we may conjugate γ0 so that µ0 = 1; while if η(µ0) = −1, we may
assume µ0 = ̟. Without loss of generality, assume that µ0 = 1. If η(µ1) = 1 as well,
then we may similarly conjugate γ1 so that µ1 = 1. But then λ0 = λ1 so that γ0 ∼ γ1, a
contradiction. Thus, the character γ 7→ η(µ) distinguishes the rational orbits in a given
stable orbit.
5.3. Orbital integrals. We begin with a simple lemma.
Lemma 5.5. Let δ =
(
a λζ
µζ a
)
be as above, and denote by X = Xµ,λ = δ − aI2 the
off-diagonal matrix. Assume µλ ∈ Nm(E×) \ (F×)2 and set val(µλ) = 2m. Then
Orb(Xµ,λ,1End(Λ)) =

m∑
k=0
qk : η(µ) = 1
m−1∑
k=0
qk : η(µ) = −1
.
Proof. We first consider the case that η(µ) = 1. Since E/F is unramified, this restriction
implies that val(µ) = n is even. We may assume that n = 0, since this does not change
the conjugacy class of δ.
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As above, the Iwasawa decomposition on U(V2) implies
Orb(Xµ,λ,1End(Λ)) =
∫
U(V2)
1End(Λ)(hXµ,λh
−1)dh
=
∑
h∈B∩U(Λ)\B
1End(Λ)(hXµ,λh
−1).
A set of representatives of the quotient B/B ∩ U(Λ) is given by
h =
(
̟−k
̟k
)(
1 u
1
)
,
with k ∈ Z and u ∈ F/̟2kOF . Thus, we need to count k and u such that
hXµ,λh
−1 =
(
µu λ−µu
2
̟2k
µ̟2k −µu
)
is integral. This forces the inequalities
val(u) ≥ 0, min{m, val(u)} ≥ k ≥ 0.
We remark that we used the fact that µλ /∈ (F×)2 in identifying val(λ − µu2) =
2min{m, val(u)}. From this the result follows easily in this case.
Now if we assume that η(µ) = −1, then necessarily val(µ) is odd, and we are free (up
to conjugation) to assume val(µ) = −1. The result now follows from a similar argument
as above.

We now compute the orbital integrals Orb(γ,Φn). Considering only elliptic elements
with centralizer Tδ ∼= U(1) × U(1), Lemma 5.4 implies we need only consider elements
of the form
δ± =
(
a λ±ζ
µ±ζ a
)
∼st
(
a+ b
a− b
)
,
where η(µ±) = ±1. Then {δ+, δ−} are representatives of the two conjugacy classes in
the stable conjugacy class. This gives our endoscopic character
κ(inv(δ+, δ±)) = η(µ±).
Proposition 5.6. Set val(a) = n1, val(b) = n2, and val(det(δ∗)) = n ≥ min{2n1, 2n2},
where ∗ = ±. Then
SOκ(δ+,Φn) =
{
qn2 : if n ≡ 0 (4),
0 : if n ≡ 2 (4).
(10)
Proof. We explicitly compute the individual orbital integrals and then take the appro-
priate weighted sums. There are three cases to consider. For convenience, we record the
results of these computations here.
(1) If n1 > n2, then n2 = n/2 ≥ 0 and we have
Orb(δ∗,Φn) =
n2∑
k=0
n2∑
j=k
qj −
{[
1+n2
2
]
qn2 : if ∗ = +,[
2+n2
2
]
qn2 : if ∗ = −.
(2) If n1 < n2, then n1 = n/2 > 0 and we have
Orb(δ∗,Φn) =
n1∑
k=0
n2∑
j=k
qj −
{[
1+n1
2
]
qn2 : if ∗ = +,[
2+n1
2
]
qn2 : if ∗ = −.
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(3) If n1 = n2, then val(det(δ∗)) = n ≥ 2n1. If it is odd, then Orb(δ∗,Φ) = 0.
Otherwise,
Orb(δ∗,Φn) =
n2∑
k=0
n2∑
j=k
qj −
{[
1+n2
2
]
qn2 : if ∗ = +,[
2+n2
2
]
qn2 : if ∗ = −.
Remark 5.7. The final case n1 = n2 contains the nearly singular case studied in [Pol15].
In that work, the author only considers elements x with centralizer E× × E× in U(4),
which forces the eigenvalues of r(x) to be norms. These have even valuation and we
compute n2 = 2val(x− y) = 2Vm, in his notation.
Thus, in all cases we obtain
SOκ(δ+,Φn) = Orb(δ+,Φn)−Orb(δ−,Φn) =
{
qn2 : if n2 ≡ 0 (2),
0 : if n2 ≡ 1 (2).
First assume that n1 > n2. Then for any for h ∈ U(V2), for any 0 ≤ k ≤ n/2,
hδ∗h
−1 ∈ ̟k End(Λ)val(det)=n−2k ⇐⇒ hXµ,λh
−1 ∈ ̟k End(Λ)val(det)=n−2k.
Indeed, since val(det(δ∗)) = 2n2 = n and similarly for Xµ,λ, the only requirement is that
the entries lie in ̟kO. This holds for aI2 by assumption, so that it holds for the entries
of hδh−1 if and only if it holds for the entries of hXµ,λh
−1.
Using this and our computation of Φn, we have
Orb(δ∗,Φn) =
n/2∑
k=0
qk Orb
(
δ∗,1̟k End(Λ)val(det)=n−2k
)
=
n/2∑
k=0
qk Orb
(
Xµ,λ,1̟k End(Λ)val(det)=n−2k
)
=
n/2∑
k=0
qk Orb
(
̟−kXµ,λ,1End(Λ)val(det)=n−2k
)
=
n/2∑
k=0
qk Orb
(
̟−kXµ,λ,1End(Λ)
)
.
This last reduction follows since ̟−kXµ,λ has the correct determinant, so that the
orbital integrals over the test functions 1End(Λ)val(det)=n−2k and 1End(Λ) agree. Thus, we
are reduced to computing the orbital integral
Orb
(
̟−kXµ,λ,1End(Λ)
)
.
Now let δ∗ = δ+. By Lemma 5.5,
Orb
(
̟−kXµ,λ,1End(Λ)
)
=

(n−2k)/2∑
j=0
qj : k even,
(n−2k)/2−1∑
j=0
qj : k odd,
so that
Orb(δ+,Φn) =
n/2∑
k=0
n/2∑
j=k
qj −
[
1 + (n/2)
2
]
qn/2.
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The computation is similar for δ∗ = δ−, and we find
Orb(δ−,Φn) =
n/2∑
k=0
n/2∑
j=k
qj −
[
2 + (n/2)
2
]
qn/2.
In the case that n1 < n2, there is a similar reduction. Indeed, since the valuation is
correct, hδ∗h
−1 ∈ ̟k End(Λ)val(det)=n−2k if and only if hXµ,λh
−1 ∈ ̟k End(Λ). Writing
h̟−kδ∗h
−1 = ̟−kaI2 + h̟
−kXµ,λh
−1.
Since k ≤ n1 < n2, it is clear that integrality of the left-hand side is equivalent to the
integrality of h̟−kXµ,λh
−1. Therefore, we consider the orbital integral
Orb(δ∗,Φn) =
n1∑
k=0
qk Orb
(
̟−kXµ,λ,1End(Λ)
)
,
which is computed as above.
A similar argument works in the case that n1 = n2, provided k ≤ n1. In general,
Orb(δ∗,Φn) =
n1∑
k=0
qk Orb
(
̟−kXµ,λ,1End(Λ)
)
+
n/2∑
k=n1+1
qkOrb
(
δ∗,1̟k End(Λ)val(det)=n−2k
)
.
The first set of integrals are computed as above. Consider now the case that n1 < k ≤
n/2. Considering the sum
h̟−kδ∗h
−1 = ̟−kaI2 + h̟
−kXµ,λh
−1,
since ̟−ka /∈ OE , we find that h̟
−kδ∗h
−1 ∈ End(Λ) if and only if h̟−kXµ,λh
−1 ∈
End(Λ) − ̟−kaI2. In particular, the lack of integrality of h̟
−kXµ,λh
−1 is precisely
canceled by the central term.
We show this such a cancellation is not possible. Indeed, writing h = kb for k ∈ GL(Λ)
and b ∈ B, then h̟−kδ∗h
−1 ∈ End(Λ) if and only if b̟−kδ∗b
−1 ∈ End(Λ), so that we
may reduce to elements in the Borel subgroup as before. As previously noted, we may
assume that our representatives are of the form
h =
(
̟−m
̟m
)(
1 u
1
)
,
with m ∈ Z and u ∈ F . Thus, we have
bXµ,λb
−1 =
(
µuζ λζ−µu
2ζ
̟2m
µ̟2mζ −µuζ
)
.
But uµ ∈ F so that it is not possible for a + uµζ ∈ ̟kOE when a /∈ ̟
kO. It follows
that the orbital integrals Orb
(
δ∗,1̟k End(Λ)val(det)=n−2k
)
vanish for k > n1 = val(a). 
5.4. The endoscopic side. Let δ+ ∈ Herm(V2)
rss be as in the previous section. Up
to stable conjugacy,
δ+ ∼st
(
a+ b
a− b
)
,
and we send δ+ → (a + b, a − b) ∈ Herm(V1) ⊕ Herm(V1) ∼= F
2. Recall that the split
Hermitian form on V1 = Ev is given so that 〈v, v〉 ∈ Nm(E).
The relative orbital integrals for this action are trivial: in the case of a single copy of
(U(V1)×U(V1), u(V1⊕V1)1), the contraction map r : End(V1)→ Herm(V1) corresponds
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to the field norm NmE/F : E → F . Moreover, the action of U(V1)×U(V1) on E is given
by
(g, g′) · e = geg′,
so that the contraction map is invariant with respect to both copies of U(V1) and takes
the E× × U(V1) action to
(g, h) · ee = geeg = Nm(g)Nm(e).
For any smooth integrable function φ on u(V1 ⊕ V1)1 ∼= E that is O
×
E -invariant and any
x ∈ E×,
RO(x, φ) : =
∫
U(V1)×U(V1)
φ(gxg′)dgdg′
=
∫
U(W1)
r∗φ(Nm(g)Nm(x))dg = r∗φ(Nm(x)) = φ(x).
We introduce the function Φκ : Herm(V1)×Herm(V1)→ C
Φκ(x, y) =
{
1 : val(x) ≡ val(y) ≡ 0 (mod 2),
0 : otherwise.
Letting 1End(Λ1)×1End(Λ1) denote the basic function for the endoscopic symmetric space,
it is easy to check that
Φκ = r(α0,β0),!
(
1End(Λ1) × 1End(Λ1)
)
.
Proposition 5.8. For δ+ as in Proposition 5.6, we have
SO((a+ b, a− b),Φκ) = ∆((a+ b, a− b), δ+)Orb
κ(δ+,Φ).
Proof. Our previous remarks allow us to compute the left-hand side:
SO((x, y),Φκ) =
{
1 : val(x), val(y) ≡ 0 (mod 2),
0 : otherwise.
For the right-hand side, some care must be taken with the transfer factor. When the
matching δ+ 7→ (a + b, a − b) is a nice matching in the sense of Section 2, the transfer
factor (3) may be computed as
∆((a+ b, a− b), δ+) = (−q)
−val(b) = (−1)n2q−n2 ,
using the notation from Proposition 5.6. This matching is nice if and only if the re-
striction of the Hermitian form of V2 to each of the two eigenlines V2 = L1 ⊕ L2 of δ+
corresponds to a split Hermitian form. A simple computation shows that this is the
case if and only if n2 = val(b) is even. When n2 is odd, then δ− is a nice match with
(a+ b, a− b) so that
∆((a+ b, a− b), δ+) = −∆((a+ b, a− b), δ−) = −(−1)
n2q−n2 = q−n2 .
By Proposition 5.6, we see that Orbκ(δ+,Φ) vanishes unless both eigenvalues a+ b and
a− b are norms. Comparing with (10), we obtain the desired identity.

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Appendix A. Comment on Torsors
In this appendix, we record some elementary properties of functions on torsors. The
proofs are standard exercises which we omit.
Let G be an affine algebraic group over a field F . There is a well-known correspon-
dence
{F -torsors of G}/ ∼←→ H1(F,G) := H1cont(Gal(F
sep/F ),G(F sep)),
where G(F sep) is endowed with the discrete topology. Let f : X → Y be a G-torsor
and let [α] ∈ H1(F,G). As explained in [Ser97, Chapt. 1, §5], we may twist X by α
to obtain another G-torsor fα : Xα → Y. Setting Xα = Xα(F ) and Y = Y(F ), the
following result is standard.
Proposition A.1. Let f : X→ Y be a G-torsor. Then
Y =
⊔
[α]∈H1(F,G)
fα(Xα).
This is true even if Xα = ∅ for some α ∈ H
1(F,G).
Now suppose that F is a local field. Let G be a reductive group over F and f : X→ Y
is a G-torsor of F -varieties. We introduce the notation f/G : [Y/G]→ Y to denote the
map of Hausdorff spaces
f/G : [Y/G] :=
⊔
[α]∈H1(F,G)
Xα
fα
−→ Y.
Proposition A.2. The map f/G is a submersion. In particular, it induces a surjective
map
(f/G)! :
⊕
[α]∈H1(F,G)
C∞c (Xα)→ C
∞
c (Y )
where for a function φ =
∑
α φα and for any y ∈ Y
(f/G)! φ(y) =
∫
Gα
φα(g · x)dgα,
where x ∈ (f/G)−1(y), and dgα is the Haar measure on Gα chosen in such a way that
all measures dgβ are compatible via the inner twisting from G.
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